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A theoretical approach is presented to calculate the natural circular 
dichroism recently discovered in the x-ray range (XNCD). XNCD is 
shown to be due to an interference of electric dipole and quadrupole 
transitions. The basic formula represents XNCD as an odd second- 
rank tensor. The crystal symmetries compatible with XNCD are de- 
termined. Sum rules are derived that relate XNCD to the mixing of 
odd and even orbitals on the absorbing site in the ground state. A 
multiple-scattering theory of XNCD is presented. The results are 
analyzed to show that XNCD is sensitive to the relative orientation 
of the cluster shells. A scattering path analysis is carried out to iden- 
tify the paths responsible for the signal. 

Keywords: Keywords: natural circular dichoism, multiple 
scattering, sum rule. 

1. Introduction 

The idea that interference between electric dipole and electric 
quadrupole transitions gives rise to natural circular dichroism in 
the x-ray range was put forward in 1988 (Goulon, 1989). The va- 
lidity of this idea was confirmed by recent experiments (Goulon 
eta/ . ,  1998; Alagna et al., 1998) and calculations (Natoli et al., 
1998). We refer to Natoli et al. (1998) for the full detail and com- 
plete formulas concerning XNCD. In the present article, we sacri- 
fice generality for clarity, and hope to bring more insight into the 
physics of XNCD. First, we describe the relation between natu- 
ral circular dichroism and dipole-quadrupole interference, then we 
compare the multi-electronic and the mono-electronic sum rules, 
we describe the clusters that give rise to XNCD and we investigate 
the convergence of the multiple-scattering series of XNCD. 

2. Origin of x-ray natural circular dichroism 

Electric dipole and quadrupole transitions are well documented in 
the x-ray range. Therefore, it would seem natural that interferences 
between dipole and quadrupole transitions be larger than pure 
quadrupole transitions. Why have these interferences escaped no- 
tice until recently ? The absorption cross-section including dipole 
and quadrupole transitions is proportional to the sum over final 
states of I(fl c .  rig ) + ( i / 2 ) ( f l e .  rk  • rlg)l 2 (Brouder, 1990). 
In a non-magnetic sample, the ground and excited wavefunctions 
[g} and l f} can be chosen real. Thus, ff the x-rays are linearly po- 
larized, e is real, the dipole and quadrupole contributions are in 
quadrature: they do not interfere. In other words, the interference 
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term is observable only with circularly polarized light and the mea- 
surement of XNCD had to await the development of reliable circu- 
larly polarized sources. 

In the optical range, natural circular dichroism is dominated by 
the interference of electric dipole and magnetic dipole transitions. 
In the x-ray range, magnetic dipole transitions have not been ob- 
served unambiguously. 

For fully circularly polarized x-rays directed along the z-axis, 
the XNCD cross-section is 

cr o~ ~-~[(glxlf)(flyzlg)-(glylf)(flxzlg)] 
y 

x~(E1  - E9 - h~o). 

It can be checked that this cross section is zero ff the sample has 
one of the following symmetries: a center of inversion, a minor  
plane containing the z-axis or a mirror plane perpendicular to the 
z-axis. 

3. Cross-densities and XNCD sum rules 

A density of states is a scalar describing the number of states of a 
given symmetry, for instance the K-edge absorption spectrum of a 
powder sample measures, up to a matrix element, the density of p- 
states of the absorbing atom. However, the development of dichroic 
spectroscopies reveals the properties, not only of the number (den- 
sity) of states, but also of the states themselves through the projec- 
tion operator 

P(E) = ~-~ I¢)&(E - E~) (¢ I .  
¢ 

The density of V states is the scalar n v ( E  ) = ( x l P ( E ) l x )  + 
(wlP( E)Iy> + (zlP( E)lz>. The various dichroisms give informa- 
tion on the non-diagonal elements of P ( E ) ,  or cross density of 
states. For instance, at the K-edge, magnetic circular dichroism is 
proportional to a vector (the dipole moment  of the p shell) with 
z-component m z ( E )  = ( x l P  (E) ly)  - ( y l P ( E ) l z ) ,  natural lin- 
ear dichroism is proportional to a rank 2 tensor (the quadrupole 
moment of the p shell) with elements such as ( x [P (E) [x )  - 
( y l P ( E ) l y ) .  Natural circular dichroism at the K-edge is propor- 
tional to some non-diagonal matrix elements of P ( E )  between p 
and d states. More precisely, XNCD is proportional to a rank 2 
tensor (that we call the p-d cross density of states) with elements 
such as M ( E)  = (xlP( E)lyz) - ( y lP (  E ) l z z ) .  Contrary to the 
quadrupole moment, this rank 2 tensor is odd under inversion. 

The relation between the dichroic cross-sections and various 
ground state properties are established through sum rules. We 
describe now two multi-electronic and one mono-electronic sum 
rules. The first multi-electronic sum rule concerns the sum over the 
all the edges and reads 

-(h--~d(hw) oc (glMlg} 

where Ig} is the multi-electronic ground state and M is the mixing 
operator 

N 

M = E z ,(x ,y~ - Y, X3 ). 
i,3=1 

N is the number of electrons. Note that (glMlg} = o for a config- 
uration containing only one electron or one hole in an open shell. 
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The second multi-electronic sum rule can be derived for each 
edge selectively (Natoli eta/., 1998). For a K- or Li-edge it is 

-(~--~d(hw) c< (glMvdlg} 

where Mvu = a+zay - a+za= in second quantized form. Mv~ 
cannot be written as a linear combination of spherical harmonics, 
because the latter do not mix different orbitals. Notice that the op- 
erator Mpd does not look Hermitian. However, since the wavefunc- 

t ions are real,  (glMvdlg} is real. 
Finally, it is possible to derive an alternative sum rule corre- 

sponding to a one-electron model. The one-electron formula for 
XNCD can be given in terms of the Green function G as 

~r o¢ (¢o Ix ' Im[G( r ' ,  r)]yzl¢0} - (¢0 ly ' Im[G(r ' ,  r )]xz[¢o),  

where 1¢o) is the s core-state of the K- or Li-edge absorption pro- 
cess. Using the operator identity 

dEG(r', E) = - Z S ( r '  - r),  

we obtain the sum rule 

dh~  (h.))2 = O, 

w h i c h  does no t  assume that  the e lec t r ic  d ipo le  and quadrupo le  re- 

duced m a t r i x  e lements  are constant.  Howeve r ,  the in tegra l  mus t  be 

carried out over the whole energy range (of occupied and unoccu- 
pied states). Therefore, the sum rule says that the experimental sum 
over the unoccupied states is equal to minus the sum over occupied 
states, which is the quantity of interest. 

It has already been observed for magnetic circular dichroism, 

that the dichroic spectrum is proportional to the orbital momentum 
at all energies in a one-electron approach (Wu et a/., 1993). As 
shown in fig.l, the same behaviour is observed for natural circular 

dichroism, and the XNCD spectrum is proportional to the p-d cross 
density of states at all energies. Therefore, the sum over energy of 
the XNCD spectrum is proportional to 

-/_EooFdE(x[P(E)'YZ)-(Y'P(E)Ixz}. 
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Figure 1 
Comparison of XNCD at the Li-edge of I in LilO3 with p-d cross- 
density of states. 

A similar procedure can be applied to derive one-electron sum 

rules for other moments of the XNCD spectrum 

f ; :  dh~(~)(h~) ~, 

but these moments are not very interesting in the x-ray range, be- 
cause the edge energy is much larger than the energy range over 
which XNCD is visible, and the various moments differ essentially 

by a power of hWedge. 

4. Multiple-scattering interpretation 

In Natoli et al. (1998), the Li-edge of iodine in LiIO3 was calcu- 
lated for a cluster of 40 atoms around iodine, and found in agree- 
ment with experiment. However, such a cluster is too large to give 
us a clear image of what is going on. What are the most important 
contributions to XNCD in the cluster ? 

In the experiments the x-ray beam was along the c-axis of the 
crystal, which is also the rotation axis of the C3 point group of io- 
dine. This orientation was chosen to avoid linear dichroism. The 
measurement of XNCD is much more complex in the presence of 
linear dichroism, as was analyzed by Goulon et al. (1999). 

All the shells of equivalent atoms in the cluster have three atoms. 
Figure 2 shows the first three shells around iodine. 

° 

@ 

@ 

Figure 2 
The first two shells (oxygen) around the iodine atom and the third shell 
of lithium. The c-axis points perpendicular to the page. 

With the x-ray beam along the c-axis, none of these shells gives, 
alone, a contribution to XNCD. This is because any shell of three 
atoms has a mirror symmetry plane containing the iodine atom and 
the x-ray beam direction. Thus, because of the symmetry condi- 
tions of XNCD, the contribution of each shell is zero and two shells 
at least are required to produce an XNCD signal. The first two 
shells of neighbours (three oxygens at 1.803/~, and three oxygens 
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at 2.908]k) give a contribution because the two equilateral triangles 
of oxygens are rotated respective to one another by an angle differ- 
ent from 0 and rr. Therefore, there is no mirror plane common to 
the two shells, and the first two shells create a major contribution 
to the XNCD signal (see fig. 3). 
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Figure 3 
Comparison of XNCD at the Li-edge of I in LilO3 for 2 and 14 shells. 
The main features are broadly reproduced by the interaction of the first 
two shells. 

5 .  P a t h  a n a l y s i s  

This shows once again that XNCD is a very sensitive probe of lo- 
cal symmetry, since it depends on the relative orientation of the 
first two shells. It is tempting to investigate the XNCD signal in 
terms of n-fold scattering paths. It was already noticed that XNCD 
has no atomic contribution and no single-scattering contribution 
(Natoli et al., 1998). Therefore, in that sense, XNCD is a purely 
multiple-scattering phenomenon. However, a scattering-path anal- 
ysis of XNCD must be carried out with care, because any path can 
be compensated by its mirror image. The double-scattering and 
triple-scattering contributions for the first two shells are given in 
fig. 4. The only paths that contribute to the double-scattering sig- 
nal are those which go through one oxygen of the first shell and 
one of the second shell. 

6. Conclusion 

XNCD is an emerging technique, and much work is still to be done 
to gain a full understanding of its capabilities. Its relations to non- 
linear optics and optical spectroscopy have been mentioned in Na- 
toli et al. (1998), but other domains of physics will probably be 
investigated with this technique. 

Here, a small step was made towards a better understanding of 
the origin and physical aspects of XNCD. 

263 

Finally, it can be noticed that an alternative way of detecting 
the interference between electric dipole and quadrupole transitions 
would be to use complex wavefunctions, i.e. to measure magnetic 
materials. 
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Figure 4 
Multiple-scattering expansion for the first two shells (of oxygen) around 
iodine in LilO3. The cluster has seven atoms. 
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