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~lhp as 11(5). Let  this  dis t r ibut ion be Q. Q m a y  be inter- 
pre ted as a funct ion of x, y, z giving the  most  probable 
coordinates of a tom 1, and  

Put 

then  

m (Ah/ _flh/~ ~lhp)2 
log Q = log K - -  

= 1 ~V/n 

2m~ 2 j~h~  
i=2 

~V/n 

(9) 

log Q ~ IA~v 2fm~Ah~m~ ~2 ~ s " = _  _ +j~h~ ~ , [  (10) 
p=l [21:hp 2Vh/~ .... 2~h/, .J " 

The first  t e rm on the r.h.s, is a cons tant ;  in the space 
group P i ,  the  th i rd  becomes 

- ~  ~h--e~ (2+ ~,~h~), 
/~=1 2Vh~ 

which has  large negat ive peaks a t  0 or ½; and  the second 
te rm is a Fourier  series sharpened b y  the factors flh,/~h,,. 
The dis t r ibut ion obta ined b y  a probabi l i ty  appr'oac'h 
when  the  phases of the s t ructure  factors are known is 
thus  ve ry  similar to a sharpened Fourier  series. 

W h e n  the signs of the  Ah~ are not  known, Kar le  & 
H a u p t m a n  suggest the use of II(8), 

Q ~ - (IAh,[ - - f lh ,  ~lh~)~ 

-{- exp (--([Ahpl +flh/~ ~lhp)2~ 
\ 2Vh~ ] /  

A 2 2 2 

_ 2~h~ / 

× . ( 1 1 1  
/ 

Reference above shows t h a t  only terms in Ah~lh~  are 
impor tan t ,  so t h a t  the  s t ructure-dependent  pa r t  of 
log (Q/K) is 

~ log eosh (/lha 'Aha[ ~lha / . (12) 
v = 1 "Ch~ / 

Using the series expansion of log cosh x and  inter-  

changing the  order of summations,  this  t e rm becomes 

co 29s (22s-- 1 ) - -  B~s ~ (flh~[Ah~,l~lh~)__ 9s, (13) 
s=l 2S (2S) ! ~=1 \ ~h~ 

where the  B2s are Bernouill i  numbers .  Since (13) contains 
only even powers of IAh~] i t  mus t  be of the Pa t t e r son  
type.  Indeed  the  corrections obtained for s ---- 2, 3, etc., 
to the  Pa t t e r son  obta ined b y  tak ing  s---- 1, are even 
less significant t h a n  those made  by  (4) and  (7) to (3), 
since wi th  all like a toms (13) becomes, in P1,  

co 29s (2 ~s-  1) B ~  ]Ah/~] s }s 
(2 + ~1, 2hp) (14) ,~V~ ( 2 s ~  (N-2)----~ • p = l  T h p  

the  successive coefficients for the summat ions  over p 
being approx imate ly  1/(2N),--1/(121V2), 1/(45~V3), etc. 
for s = 1, 2, 3 etc. Thus  the probabi l i ty  dis t r ibut ion for 
coordinates when  the s t ructure-factor  signs are no t  known 
is essential ly a sharpened Pat te rson ,  which is on half  scale 
in x, y, z, and  thus  has  some peaks  coincident wi th  
atomic positions. 

Similar discussions can be given for the  dis t r ibut ions  
in I I  for non-centrosymmetr ic  crystals.  I f  the  posit ion 
of one a tom is a rb i t ra r i ly  fixed and  the phase angles are 
assumed unknown,  the  resul t ing Pat terson-l ike distri- 
but ion  is of normal  scale in x, y, z wi th  the  fixed a tom as 
origin; thus  again some peaks coincide wi th  the a tomic 
positions.  

I t  m a y  be remarked t h a t  II(5) can be wr i t ten  down 
direct ly  by  appeal ing to the  central  l imit  theorem 
(Cram~r, 1946) on the assumption of the independence 
of the ~ih , P = 1, , m, for each set i The assumption " ' '  

of independence is clearly equivalent  to t ak ing  the first  
t e rm alone in the series referred to in I I .  I t  does not  seem 
possible, however, to obtain bet ter  t han  the sharpened 
Pa t te r son  if this  assumpt ion  is made.  
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The Nor th  American Phil ips  Fluorescent  A t t a c h m e n t  
consists of an  OEG-50-Machlet t  tungs ten  tube,  which is 
run  a t  50 kV., 50 mA. and  sprays  X- rays  on to a sample. 
An elemental  analysis  of the sample is made  b y  analyzing 
the characterist ic  K and  /5 fluorescent lines by  means 
of a single crystal  and  a goniometer.  

B y  uti l izing a pure element such as cobalt  one obtains 
the characterist ic  K a  and  Kfl lines pract ical ly  free of 

in revised form 25 February 1954) 

continuous background.  A filter will essential ly el iminate  
the  Kfl. To make  use of this  plane source of mono- 
chromatic  radia t ion  for powder  diffraction one mus t  
create a focal spot so as to utilize the geometrical  focusing 
conditions necessary for high resolution. This is done by  
use of a slit between the plane source of fluorescent radia- 
t ion and  the powder specimen. In  addit ion,  the  plane 
source of Co radia t ion is t i] ted upward  so as to obta in  
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a take-off angle of about  10 ° empirically de te rmined  to  
be an opt imum.  

A 110 peak  of annealed powdered iron was obf~ained on 
the  s tandard  diffraetometer  (Fig. l(a)) and  the  same 
sample run on the  conver ted spectrograph (Fig. l(b)). 
W i t h  only a 20% decrease in resolution the  intensi t ies 
differed by  less t han  a factor of 2 while the  background 
was reduced by  a factor of about  25. 

The in tens i ty  of the  K~  line on the  fluorescent un i t  
varied approYimately as (V--V0) 1"2, where V is the  
potent ia l  in the  pr imary  tungs ten  tube  and  V0 is m i n i m u m  
potent ia l  for K~  excitat ion ~ 7.8 kV. for Co K~.  

Details of the  geometry  are given in Fig. 2. 
The advantages  of this new m e t h o d  for diffraction are:  

1. Negligible background (about 50% above cosmic 
background).  

2. Complete freedom in choice of radia t ion since a 
fluorescent source offers no hea t ing  problem. 

3. Ul t imate  use of high- intensi ty  industrial  sources of 
pr imary  tungs ten  radiat ion since absence of any  focusing 
condit ions for the  pr imary  source el iminates cathode 
loading problem. 

4. Uniform iUumination of line focus. 

Fig. 1. Comparison curves of (110) reflection of iron powder 
taken on the North American Philips Diffractometer. 
(a) Standard X-ray diffractometer using a cobalt tube at 
10 mA., 30 kV.; divergence slit 1°; receiving slit 0.30 turn. 
(5) Curve of the same sample taken with t]~e converted 
spectrograph, divergence 1.25% the primary tungsten tube 
being run at 50 mA., 50 kV. 

A 0.0006" iron filter was used for both curves and the  
cosmic ray background has been subtracted. 
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Fig. 2. Focusing arrangement of X-ray spectrograph modified for diffraction. The target material 

is located ~ 9.5 ram. below high-voltage X-ray tube port. 


