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Recent  papers b y  H a u p t m a n  and  Karle  ( H a u p t m a n  & 
Karle,  1952; Kar le  & H a u p t m a n ,  1954; hereafter  referred 
to as I,  I I  respectively) have described a probabi l i ty  
approach to the determinat ion of in tera tomic vectors 
and  atomic coordinates. The purpose of the present  note  
is to point  out  t h a t  the  principal  results  of I and  I I  are 
essential ly equivalent  to familiar  Pa t t e r son  and  Fourier  
methods.  

B y  I(58), the  probabi l i ty  dis t r ibut ion of in tera tomic 
vectors between a toms of the  i t h  and  j t h  kinds is 

P(x , y , z )  ---- K a I I  \ a~ l+Bi icos2r~(hx+ky÷lz j / .  
a,k,z 1 +Bii cos 2rc(hx+ky+lz) 

I n  a n y  pract ical  case Bii = 2fij~/a~ < 1 (e.g. for 20 like 
a toms in the  un i t  cell Bii = ~ ) .  I t  is thus  possible to 
expand  log P(x, y, z) in powers of Bii, whence 

log P(x, y, z) 

-~ log K a +  ~ (-- 1 ) n - ~  -- B~ cos n 2nh"  x ,  (1) 
n=~ ~,k,~ \ a2 n /  

where h - x - ~  hx+lcy+lz. When the  scat ter ing factors 

f i  can be wr i t ten  f i  ~ - Z J ,  for all i, where Zi is inde- 
pendent  of h, It, l, Bii is independent  of h, k, 5; in the  
general case, Bii, in i ts dependence on h,/c, l, acts  much  
as a small t empera ture  factor.  Treat ing the former case, 
for simplici ty,  

log P(x, y, z) --log K a 

oo ' R '  1)  
=2;  (-1)~-'B~2: {~hkz_ cos ~ 

n = l  h ,k , l \  (72 

W h e n  n = 1 the t e rm in the r.h.s, is 

Bi i '~  (R~'k':--l) c°s 2rch'x a9 

2~h"  x .  (2) 

(3) 

a ' sharpened '  Pa t t e r son  funct ion wi th  origin peak  re- 
moved and  scaled b y  the  factor Bi# The Pa t te r son  in 
(3) is then  'corrected'  b y  other  dis t r ibut ions scaled by  
factors B2pBaj, etc. For  B i j , - , ~  only the first  two 
corrections need be considered. Tha t  for n ---- 2 is 

- - i i  ~ / ~ cos ~ 2 ~ h , x .  (4) 
h,k,l \ 2 

The expression (4) can be wr i t ten  

h,k,~\ a~ ( l + c o s 2 ~ h - 2 x ) ,  (5) 

and  (4) is thus  a sharpened Pa t te r son  on half  the scale 
(in x, y, z) of (3), wi th  an  origin peak halved in height ,  
toge ther  wi th  a cons tant  t e rm 

The Pa t t e r son  in (4) is of order B~jl2 and  negat ive  
wi th  respect to t h a t  in (3). Similarly the  t e rm for n ---- 3 
yields a Pa t t e r son  on one-third the scale (in x, y, z) 
wi th  an  origin peak of two-thirds  height ,  a cons tant  
t e rm and  a correction 

~B~, . ~  (R~k,~ 11 cos 2~h"  x (7) 
h, k,l \ (72 

to be added to (3). The na ture  and  size of these correc- 
t ions to (3) show t h a t  log P(x, y, z) is s imply a sharpened 
Pa t te r son  wi th  origin peak  almost  absent ,  together  w i th  
minor  peaks not  ordinar i ly  coinciding w i th  those for 
in tera tomic vectors. Since the  m a x i m a  of exp {f(x)} 
coincide wi th  those of f(x),  the  max ima  of P(x,  y, z) 
coincide wi th  the m a x i m a  of a sharpened Pat terson.  
For  a finite set of (h, lc, 5) a sharpened Pa t te r son  peak  
has finite width,  the  wid th  for convenience being t aken  
between first  zeros on ei ther  side. Defining peak  wid th  
in P(x, y, z) as the  wid th  between first  values of P(x,y,z),  
on ei ther  side of a peak,  equal  to un i ty ,  P(x, y, z) has 
peak widths  identical  wi th  those of a sharpened Pa t te r -  
son of like terms, except  in so far as the  widths  in P(x, y, z) 
are modified b y  a slight dependence of Bii on h,/c, 5 or 
by  chance coincidences between the  Pa t te r sons  on scales 
(in x, y, z) 1, ½, ½, etc. Thus P(x, y, z) shows no improve-  
men t  in resolving power over the sharpened Pa t te rson .*  

Paper  I suggests, however, t h a t  the  choice of Bii 
determines I(58) as a dis t r ibut ion for vectors between 
a toms of the k ind  i and  the  k ind  j only,  so t h a t  only a 
few of the whole set of in tera tomic vectors appear  in 
a n y  par t icular  distr ibution.  Tha t  th is  is not  the case is 
apparent ,  once the relat ionship between. I(58) and  the  
Pa t t e r son  is realized. E v e n  when Bii is ve ry  different 
from Bpq, say, all Pa t t e r son  peaks appear  in ei ther  
distr ibution.  The methods  suggested in the 'Addi t ional  
procedures for analysis '  of I are then  s imply  the  super- 
posi t ion of two or more Pa t te rsons  re la t ively  displaced 
b y  vector  distances. The result ing dis t r ibut ions have  
m a n y  max ima  of which the most  p rominent  resul t  f rom 
peak coincidences. For  example,  the  suggested me thod  
for resolving the ambigu i ty  between (x, y, z) and  ( l - -x ,  
l - - y ,  l - -z)  to obta in  a consistent  point  set, appears  to 
correspond closely to the superposit ion me thod  of Clastre 
& Gay (1950a, b). 

II(5) gives the probabi l i ty  dis t r ibut ion for the  magni -  
tudes of structure factors, given the coordinates of atom 1, 
for a cent rosymmetr ic  crystal ,  

P(Ahl . . . . .  Ahm) ---- K exp ~ . (8) 

Reference to II(2) then  yields the  dis t r ibut ion of t h e  

* An attempt to improve on the resolution by including 
terms other than the first in the probability distribution, 

2 3 I(10), merely gave further terms of order Bi~, B~j, e t c .  
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~lhp as 11(5). Let  this  dis t r ibut ion be Q. Q m a y  be inter- 
pre ted as a funct ion of x, y, z giving the  most  probable 
coordinates of a tom 1, and  

Put 

then  

m (Ah/ _flh/~ ~lhp)2 
log Q = log K - -  

= 1 ~V/n 

2m~ 2 j~h~  
i=2 

~V/n 

(9) 

log Q ~ IA~v 2fm~Ah~m~ ~2 ~ s " = _  _ +j~h~ ~ , [  (10) 
p=l [21:hp 2Vh/~ .... 2~h/, .J " 

The first  t e rm on the r.h.s, is a cons tant ;  in the space 
group P i ,  the  th i rd  becomes 

- ~  ~h--e~ (2+ ~,~h~), 
/~=1 2Vh~ 

which has  large negat ive peaks a t  0 or ½; and  the second 
te rm is a Fourier  series sharpened b y  the factors flh,/~h,,. 
The dis t r ibut ion obta ined b y  a probabi l i ty  appr'oac'h 
when  the  phases of the s t ructure  factors are known is 
thus  ve ry  similar to a sharpened Fourier  series. 

W h e n  the signs of the  Ah~ are not  known, Kar le  & 
H a u p t m a n  suggest the use of II(8), 

Q ~ - (IAh,[ - - f lh ,  ~lh~)~ 

-{- exp (--([Ahpl +flh/~ ~lhp)2~ 
\ 2Vh~ ] /  

A 2 2 2 

_ 2~h~ / 

× . ( 1 1 1  
/ 

Reference above shows t h a t  only terms in Ah~lh~  are 
impor tan t ,  so t h a t  the  s t ructure-dependent  pa r t  of 
log (Q/K) is 

~ log eosh (/lha 'Aha[ ~lha / . (12) 
v = 1 "Ch~ / 

Using the series expansion of log cosh x and  inter-  

changing the  order of summations,  this  t e rm becomes 

co 29s (22s-- 1 ) - -  B~s ~ (flh~[Ah~,l~lh~)__ 9s, (13) 
s=l 2S (2S) ! ~=1 \ ~h~ 

where the  B2s are Bernouill i  numbers .  Since (13) contains 
only even powers of IAh~] i t  mus t  be of the Pa t t e r son  
type.  Indeed  the  corrections obtained for s ---- 2, 3, etc., 
to the  Pa t t e r son  obta ined b y  tak ing  s---- 1, are even 
less significant t h a n  those made  by  (4) and  (7) to (3), 
since wi th  all like a toms (13) becomes, in P1,  

co 29s (2 ~s-  1) B ~  ]Ah/~] s }s 
(2 + ~1, 2hp) (14) ,~V~ ( 2 s ~  (N-2)----~ • p = l  T h p  

the  successive coefficients for the summat ions  over p 
being approx imate ly  1/(2N),--1/(121V2), 1/(45~V3), etc. 
for s = 1, 2, 3 etc. Thus  the probabi l i ty  dis t r ibut ion for 
coordinates when  the s t ructure-factor  signs are no t  known 
is essential ly a sharpened Pat te rson ,  which is on half  scale 
in x, y, z, and  thus  has  some peaks  coincident wi th  
atomic positions. 

Similar discussions can be given for the  dis t r ibut ions  
in I I  for non-centrosymmetr ic  crystals.  I f  the  posit ion 
of one a tom is a rb i t ra r i ly  fixed and  the phase angles are 
assumed unknown,  the  resul t ing Pat terson-l ike distri- 
but ion  is of normal  scale in x, y, z wi th  the  fixed a tom as 
origin; thus  again some peaks coincide wi th  the a tomic 
positions.  

I t  m a y  be remarked t h a t  II(5) can be wr i t ten  down 
direct ly  by  appeal ing to the  central  l imit  theorem 
(Cram~r, 1946) on the assumption of the independence 
of the ~ih , P = 1, , m, for each set i The assumption " ' '  

of independence is clearly equivalent  to t ak ing  the first  
t e rm alone in the series referred to in I I .  I t  does not  seem 
possible, however, to obtain bet ter  t han  the sharpened 
Pa t te r son  if this  assumpt ion  is made.  
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The Nor th  American Phil ips  Fluorescent  A t t a c h m e n t  
consists of an  OEG-50-Machlet t  tungs ten  tube,  which is 
run  a t  50 kV., 50 mA. and  sprays  X- rays  on to a sample. 
An elemental  analysis  of the sample is made  b y  analyzing 
the characterist ic  K and  /5 fluorescent lines by  means 
of a single crystal  and  a goniometer.  

B y  uti l izing a pure element such as cobalt  one obtains 
the characterist ic  K a  and  Kfl lines pract ical ly  free of 

in revised form 25 February 1954) 

continuous background.  A filter will essential ly el iminate  
the  Kfl. To make  use of this  plane source of mono- 
chromatic  radia t ion  for powder  diffraction one mus t  
create a focal spot so as to utilize the geometrical  focusing 
conditions necessary for high resolution. This is done by  
use of a slit between the plane source of fluorescent radia- 
t ion and  the powder specimen. In  addit ion,  the  plane 
source of Co radia t ion is t i] ted upward  so as to obta in  


